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O , Abstract 

^^ , We propose the action of d = 4 Anti-de Sitter (AdS) spinning particle with arbitrary fixed quantum 

^N) ■ numbers. Regardless of the spin value, the configuration space is M'f, x S^ where A^* is d = 4 AdS space, 

04 ' and two-dimensional sphere S^ corresponds to spinning degrees of freedom. The model is an AdS counterpart 

of the massive spinning particle in the Minkowski space proposed earlier. Being AdS-invariant, the model 

possesses two gauge symmetries implying identical conservation law for AdS-counterparts of mass and spin. 

•^ I Two equivalent forms of the action functional, minimal and manifestly covariant, are given. 
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1 Introduction 

We suggest a new model of a spinning particle which propagates in d = 4 
Anti-de Sitter space and has arbitrary fixed quantum numbers. The model is 
an AdS counterpart of the massive spinning particle theory in the Minkowski 
space proposed in Ref. [1]. 

A consistency of the interaction with external fields (including gravity) has 
always been a problem for a higher spin (super) particle theory. In this connec- 
tion the model being studied is of special interest as a simplest example of a 
consistent spinning particle theory in the curved space which could probably be 
treated as a suitable background for perturbative interaction switching on. In 
relation to this topic it is pertinent to note that just the AdS space appears to 
be an admissible vacuum for interacting higher spin fields (including gravity) 

[2]. 

Let us discuss in outline the starting points of the model's construction. The 
configuration manifold is chosenj^ as Al^ = M'j^ x 5^, where A^^ is d = 4 Anti-de 
Sitter space {p < is the curvature) and S"^ is two-sphere. The case of /? = 
(i.e., Mq = M^'^) corresponds to the model studied in Ref. [1]. It turns out that 
A4^p can be endowed with a structure of a homogeneous space for AdS group 
(see Sec. 2). Thus, A4^p is able to serve as an arena for some AdS-invariant 
dynamics. 

There is a number of AdS-invariant functionals of world-line on A4^, and 
each of them can seemingly be treated as an appropriate action for the spin- 
ning particle. However, we are going to show that the action functional will be 
unambigously determined if an identical conservation law is required to hold 
for the AdS-counterparts of spin and massQ. Thus, the basic selection principle 
is that the action should possess two gauge symmetries being provided the pair 
of Noether identities to appear. From the standpoint of Hamiltonian formal- 
ism this principle means that a pair of the AdS-invariant first-class constraints 
should be imposed onto the cotangent bundle of A^^ to extract physically con- 
tentable degrees of freedom. On the other hand, it turns out that just the theory 
with two gauge invariances in Al^ has the proper number of the physical de- 
grees of freedom being characterized the spinning particle: 4 = 3 (positions) + 
l(spin). The mentioned properties of the model are shown to cause the spin- 
ning particle theory quantization to give the irreducible representation of AdS 
group. 

The letter is organized as follows. In Sec. 2 we study an AdS-covariant de- 

^This choice of the configuration manifold differs from the other ones, being usuaUy used for spinning particles 
(e.g. see [3-7]), in that it does not depend on the spin value. 

^It means, in fact, that the AdS particle spin and mass should appear to coincide identically (i.e., off shell) 
with some numerical parameters entering the action desired. 



scription for the configuration manifold and stiow ttiat A^^ is a homogeneous 
transformation space for AdS group. In Sec. 3, we derive the model action 
functional in an explicitly AdS-covariant manner and discuss its local symme- 
tries both in the first- and the second-order formalism. In Sec. 4, we consider 
the model's description in terms of inner Al^ geometry. It shows also that 
the model can be treated as a "minimal covariant extention" of its flat-space 
counterpart [1]. We also consider in the Section some obstructions to straight- 
forward generalization of the model to the case of arbitrary curved background. 
The Conclusion includes discussion of the results and some perspectives. 

2 Covariant realizations for the configuration space 

We start with describing two covariant realizations for the configuration space 
M.^p = M^p X 5^, where AA^p presents itself an ordinary Anti-de Sitter space, 
S"^ is two-dimensional sphere. It is useful for us to treat A^^ as a hyperboloid 
embedded into a five-dimensional pseudo-Euclidean space M^'^, with coordinates 
y^, ^4 = 5, 0, 1, 2, 3, and defined by 

riABV'^y'' = -R\ T]AB= {-- + + +): (1) 

p = —R^ is the curvature of the AdS space. There is no problem, however, to 
extend subsequent results to the case when A^^ stands for the universal covering 
space of the hyperboloid. 

Similarly to A4l A^^ can be endowed with the structure of a homogeneous 
transformation space for an AdS group chosen below to be the connected com- 
ponent of unit in 0(3, 2) and denoted by 5*0^(3,2)0. In order to explain this 
statement, let us consider the tangent bundle r(A4^) that will be parametrized 
by 5-vector variables [y^^ h^) under the constraints 

2/V = -R\ (2.a) 

/6a = 0. (2.6) 

The latter requirement simply expresses the fact that h^d/dy^ is a tangent 
vector to a point y G Al^. The 0(3, 2)-invariant subbundle T{A4'j^) of non-zero 
light-hke tangent vectors is embedded into r(AI^): 

6^6a = 0, (3.a) 
{^^It^O. (3.6) 

^The elements of 5*0^(3,2) are specified by tlie conditions tliat their diagonal 2x2 and 3x3 submatrices, 
numbering by indices 5, and 1, 2, 3 respectively, have positive determinants. 



It turns out that A^^ can be identified with the factor-space of T(A4'j^) with 
respect to the equivalence relation 

6^-A6^, VAgR\{0}. 

Really, there always exists a smooth mapping 

g-.Mt^soHsx 



(4) 



(5) 



such that Q{y) moves a point {y, b) at T{A4V) to {U, b) having the form 
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?/^ = ^ 5(?/K = (i?,0,0,0,0) 



and 
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6^ = ^ 5(?/)&^ = (0,ii«) a = 0,1, 2, 3, 






(6) 

(7.a) 
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/^ = ^f{y'? + (?/' 
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^,j = 1,2,3. 



From Eq. (7) we see that the fiber {(?/, 6)} over y in T{Mp) looks exactly 
like the punctured light-cone in Minkowski space. Equivalence relation (4) 
proves to reduce the light-cone to S'^. Now, since the AdS group brings any 
equivalent points to equivalent ones, we conclude that 5'0^(3, 2) naturally acts 
on the factor-space A^^ x 5^. Therefore, Eqs. (2)-(4) present an AdS-covariant 
realization of All 

There exists some inherent arbitrariness in the choice of Q defined by Eqs. 
(5) and (6). Such a mapping can be equally well replaced by another one 
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Q'^^Biy) = AMy)G'^B{y), 



(9.a) 



where A takes it values in the stabihty group of the marked point ?/, 

A^5(?/)S''=S^ (9.6) 

and has the general structure 

A :M^^ 50^(3, 2) 

^^B{y)= . : , ^\{y)^so\?>^). ^^°^ 

\0 ; K\{y)) 

The set of all smooth mapping (10) forms an infinite-dimensional group iso- 
morphic to a local Lorentz group of the AdS space. This group acts on T{M^p) 
by the law 

{yM ^ {y.G'\y)Ky)G{y)b). (n) 

Q being a fixed solution of Eqs. (5), (6). As is obvious, the local Lorentz group 
naturally acts on M.^p. 

For getting exphcit action of 50^(3,2) on A^^, it appears useful from the 
very beginning to replace the AdS-covariant parametrization [y^^ h^) of r(A^^) 
with a Lorentz-covariant one (?/ , w"^), where the 4- vector u"' is related to h as 
it is given by Eq. (7. a). Given a group element H G 50^(3, 2), it moves (?/, h) 
to {Hy,Hb), hence {y,u) to {Hy,AH{y)u), where 

AH{y) = g{Hy)Hg-\y) (12) 

is a Lorentz transformation of the form (10). One readily finds 

AHM^HM = ^HMy) (13) 

for arbitrary Hi, H2 G SO^{3, 2). We thus arrive at a nonlinear representation 
of the AdS group. Now, the problem reduces to obtaining action of the Lorentz 
group on S'^, what is well known and has been described in detail in Ref. [1] in 
the convenient for our purposes form. Also it will be given in Sec. 4. 

3 Derivation of the action functional 

Here we derive the model in an AdS-covariant way. The basic requirement 
allowing us to choose the unique action functional is: the dynamical content of 
the model on Al^ must be completely determined by identical conservation of 
classical counterparts of two Casimir operators of AdS group. 

Let us consider the model's phase space with the coordinates y^, b^ and their 
canonically conjugated momenta P^, Ka^ subjected to the following nonvanish- 
ing Poisson bracket relations: 

{y^PB} = {b^KB} = 6i (14) 



AdS group acts on the phase-space functions via brackets (14) by the following 
generators: 

LAB = yAPB-yBPA + bAKB-bBKA. (15) 

The theory being constructed must contain the constraints (2), (3) as well as 
the equivalence relation (4) to be well defined on 7W^. Thus, we impose the 
following AdS-invariant first-class constraints to restrict an admissible dynamics 
of the model: 

Ti,2,3A « 0, (16.a) 

where 

Ti = yAy^ + R^ T2 = yAb^, n = bAb^, (16.6) 

T^ = KAb^. (16.c) 

The last constraint generates the equivalence relation (4) with respect to the 
brackets (14). Being restricted to the surface (2), (3) the classical counterparts 
of Casimir operators of the AdS group look as 

Ci = IlabL^''\t,.,^,.,^o = R'PaP'' + (PAyy + 2(P^6^)(kV), (17.a) 
C2 = jLabL cL dL |ti,2,3,4=o = 

\{LabL^''? - (PAbyiKAK^R' + (KAy^]. (17.6) 

o 
Taking the proper account of the basic requirement formulated above in this 
section and Eqs. (17.a-c) we introduce the two main first-class constraints 

n = R^PaP^ + (PV)' + 2(P^6^)(i^V) + M « 0, (18.a) 

n = {PAbyiKAK^R' + {KAy^] +6^0, (18.6) 

where M and 6 are some constants which are treated as parameters of the 
model. It easily seen that 

Ci = -M, C2 = ^M^ + S (19) 

on the total constrained surface. 

Thus, the model postulated is characterized by six first-class constraints: 
four of them Ti, 2,3,4 are auxiliary ones (they reduce the configuration space to 
A^^), while the two principal constraints Ts, Tg determine the dynamics on Ai^ 
properly. 

The first-order (Hamiltonian) action associated with these six constraints is 

^ = y dr [pAy^ + KAb"" - Y, |r, j . (20) 



Here vi are auxiliary variables playing the role of Lagrange multipliers to the 
first-class constraints Tj. 

To bring this action to a second-order (Lagrange) form one must exclude the 
momenta P4, Ka and the auxiliary constraints' multipliers ^^1,2,3,4 by making 
use of other equation of motion: 

5S 6S 5S , , 

It is easy to check that on the shell of Eq. (16, 18) the following equalities hold: 

VAb"^ = v,R\PAh^), (22.a) 

?/a/ = vr,R^ (MT^ - M) + 2iyQ{5 - Tq)) , (22.6) 

bAb^ = -^^^ (-5 + l-l(S - Te)) , (22.C) 

PAy"^ + KAb"" = ly^in - M) + 2iye{S - Tg), (22.d) 

Substituting these relations to Eq. (20) we are coming up with the following 
action of the model: 



Si = / dr 
where 



iVAV^ - -^A) + TT- (7-^ + -Ty^yl - ^^ (23.a) 



,2ei^^"^ R^ '' 2e2\\yAb^y R^' ' R^, 

ei = v^R^, 62 = -i^qR^ (23.6) 

and holonomic extra-constraints 71 2,3 are imposed on y\, 6 . 

This action is manifestly AdS invariant. What is more, it possesses three 
local symmetries corresponding to three constraints depending on momenta: 
r4, Ts, Te. They are 

11 h^ r] 

^^^^ ^ ~D2~^'^"^5, hei = -p(eim5), ^562 = 0; (24.6) 

^6/ = -j^.b^iVBC + ^-^)b'^b^me, (25.a) 

e2[yAb^) R^ 

7 R 1 

^66^ = (6^ - ^/)m6, ^662 = ^(e2m6), ^eei = 0; (25.6) 

^46^ = 6^^7724, (54(the rest variables) = 0. (26) 

For instance, one can easily extract reparametrizations by taking 777.5 = ^6 
= /i and 7774 = 0. The third symmetry (26) reduces the theory configuration 



manifold to A^^ while transformations (24), (25) are the model's characteristic 
features those provide the Casimir operators to conserve identically (see Eq. 
(19)). 

Now let us briefly discuss the question about physical observables of the 
theory. It is easily comprehended that all nontrivial physical observables are 
functions of the Hamiltonian generators of the AdS group modulo constraints. 
Indeed, all AdS group generators, obviously, commute with the first-class con- 
straints, on the other hand these constraints reduce the original 12-dimensional 
phase space of the model (if auxiliary constraints are taken into account) to 
the 8-dimensional physical one. Consequently, physical subspace can be covari- 
antly parametrized with 10 generators of the AdS group subject to the two 
constraints. 

4 Reformulation of the model in terms of inner A^^ geometry 

In this Section, we give the another form for the action (23. a) which could be 

treated as "minimal covariant extension" of the massive spinning particle action 

in Minkowski space proposed earlier. Let us consider some facts concerning Al^ 

geometry in order to expose this formulation. 

Let x^ (m = 0,1,2,3) be the local coordinates on the surface (1). The 

induced metric is 

dy dy 

9mn{x) = VAB^^ ^, (27) 

T]ABdy'^dy^ = s^^^dx^dx". 
The following 1-form of vierbein is associated with the metric (27): 

ema{x) = ^^Aa{y{x)) = "/^^ (28.a) 

where 

T^B{y) = {Q^Yb^v) = ^^''^bbQ^'c = Qb\v). (28.6) 

It is worth noting that 

T\{y) = QAv) = ^/ (29) 

as it follows from the very definition (6). Using the last formula it is easy to 
check that Cma is really a vierbein, i.e. 

The Lorentz connection associated with the vierbein (28. a) is 

uj^^\x) = T^^d^TA^. (31) 



To verify this assertion it is enough to examine that the torsion constructed on 
the base of Eqs. (28. a) and (31) vanishes: 



Indeed, 
and 



A 



Since 



d[nemf = d[ny dm\F A^ (33.a) 

= dnV^dmJ'B^iSA'' " ^a'^^'s) = a[„/5„]^A^ (33.6) 

(C^n/)^^' = ^{dny'')yA = 0. (33.C) 

Now let us consider the spinning part of A1^ - two sphere 5^.^ It is covered 
by the two charts, z and w are the complex coordinates in these charts, and 

. = -- (34) 

w 

in the overlap of charts. 

The Lorentz group 50^(3, 1) = SL{2, C)/±l acts on 5*^ by means of fractional- 
linear transformations: 

^' = ^- \m = Nj=[l'^)eSLi2X). (35) 

It means that the two-component object 

z" = (z)" = (l,z), a = 0,1 (36) 

is transformed simultaneously as left Weyl spinor and spinor field on 5*^ under 
the Lorentz group (36): 

r=[%y\"{N-%''. (37) 

Let p"' be a time-like 4-vector, 

/ = ^X < 0. (38) 

One can associate with p"" a smooth positive definite metric on S'^ of the form 

, 9 4d2d2 , ^ , 

ds^ = , ^ ,, . 39.a 



''Our two-component spinor notations mainly coincide with those adopted in Ref. [8], except we number 
spinor indices by values 0, 1 and define spinning matrices aab and aab with additional minus sign in comparison 



with Ref. [8]. 



where 

L = {(Ja)aaZ''r => p^^a = PaaZ^^Z^ (39.6) 

U"" = 0. (39.C) 

Metric (39. a) is Lorentz invariant in the following sense: 

dz'dz' dzdz , , 

{p'^.z'-z'^Y = {p^aZ-z^Y ^ '""^ 

where 

V'aa = NjNtppp. (40.6) 

In the case of massive spinning particle on the flat space, there exists the only 
natural candidate to the role oip^: it is tangent vector to a particle's world line 
x". That is why one can construct the following world line Lorentz-invariant 

^^ (41) 

which together with Xax" constitute the set of building blocks for the Lagrangian 
of massive spinning particle on the Minkowski space [1]: 

S' = j,r {^^ - ime.?) + ^(^ + (Ae.)^)} . (42) 

This Lagrangian is invariant under global Poincare transformations when Poin- 
care-translations act trivially on 5^, and Lorentz group is identified with diag- 
onal of 50(3, l)|i?3,i X 50(3, l)|s'2, in accordance with Eq. (40). 

We now show that the action of spinning particle on anti-de Sitter space 
(23. a) could be derived by the minimal covariantization of (23. a), i.e. by gener- 
alizing (23. a) to the form consistent with general coordinate and local Lorentz 
covariance. If Lorentz transformations are local, i.e. depend on x'™, Eq. (39. a) 
will not be invariant because dz is not local Lorentz-covariant differential. 

However, the object 

Dz = dz^ ]-dx'^u^ab{x)T.''^ (43.a) 

where 

S'^' = {a^')apz''zP (43.6) 

is local Lorentz covariant: 

{Dzy = dz' + \dx-J^,,T.'^' = {^^ Dz, (44.a) 

where 

J^^^ = Ka'K'^U^cd + K^n^^bc. (44.6) 

10 



{Aa^{x) are the local Lorentz transformations parameters) is the transformation 
law for Lorentz connection easy derivable from Eqs. (9. a) and (31). Taking 
the proper account of the relation (43) we find that local Lorentz and general 
coordinate covariant generalization of the "flat" action (42) is 

S, . |d.{^(„„„.-." - (™0^) + l^{fj^ + (Ae.)^)}. (45) 
It turns out that the following equality takes place: 

where the following parametrization of the light-cone (7) is used 

u" = CEiu) (47) 

and E{u) is some function on the light-cone. 

To prove the equality (46) one need to employ the properties of JF^q (5), 
(28. a), (29) and definitions of cj^°^ and e^a through J^^a (28.a), (31). Then 
one can make sure that 

yAb"" = x'^emaCE, (48.a) 

J'^a^FAb = x'^UJmab. (48.6) 



The useful identity 
allows one to prove that 



^a/3 _ ^a^^^/3 _ ^^Q^^a ^^g^. 



W = 4il, (50.a) 



te - Ci' = 2((0«^z"/l - {a^').,z^z^z). (50.6) 



Using (48)-(50) one obtains 

e + j'\j'Ab{ce - ci') = 

= 4(il + ^X^LOmab{{cj''')apZ-Z^Z - (a«\^Z^Z^i)). (51.a) 

and 

{:F^aJ'AbC^')R' + (x"^e^«r)' = \x^u;mab{^^')a^z-z^\'R'. (51-6) 

Two last equalities are directly equivalent to Eq. (46). Thus, 

^i = ^2 (52.a) 

under the identification (46) and 

m^ = M/R^, A^ = -6/R\ (52.6) 

11 



So, we have two formulations for a given spinning particle on AdS back- 
ground, Si and 5*2. The first formulation exhibits AdS invariance of the model 
in the straightforward way, while the second one describes theory in terms of 
inner A^^ geometry without introduction of auxiliary degrees of freedom. It 
might be well to mention that the derivation procedure used in Sec. 3 can be 
successfully performed in the inner A4^p terms. Namely let us consider the space 
which is the cotangent bundle to A^^ 

{x™,^J = C, {z.Pz} = l. {z,Pe} = 1. (53) 

The classical counterparts of AdS - Casimir operators are 

Ci = R^g^^'^Vrr^Vn. (54.a 



where 



C2 = liCif + R'iV^emaJ'n^ (54.6 

^m^Pm- -U)m''\x)Sab, (55. a 

Sab = -{cfab)apz'^Z^Pz + {crab)a(3z'^Z^Pbarz, (55.6 

Due to the general coordinate and local Lorentz covariance, relations (54.a,b 
can be verified in any useful coordinate system, for example, in those for which 
AdS generators look like 

Lab = XaPb - XbPa + Sab, (56.a 

La5 = Rpa + -T-^C^XaX^Pb - X^Pa) + ^^^Sabj (56.6 

while the tetrade reads as follows 

f x^ \'^ 

Gjna ^ ')lma (-'-"'" T"n2 J ' (57.0. 



1 / r2 

ab /^ac b J:>r "^ ' ' 



-1 



ujJ'' = -^^{x''5j-x'5^-)\l + ^A . (57.6 



Now, the following action 



nU /if • m • ^ 6l / C7i 2 

^2 = dr|2?^x +PzZ+PzZ- —\^—^ + m 



-I(i(^-^^?)--^)} (-) 

is nothing but Hamiltonian formulation of <S'2, i.e. if one exclude momenta j^^n) 
Pz, Pz by making use of their equations of motion, he arrive exactly to S2. 

12 



The following remark is very much to the point: the second formulation (45), 
(54), (58) seems to be well defined on a general curved space, i.e. when gmn{x) 
is arbitrary. 

It turns out, however, that the classical dynamics of the model is non- 
contradictory on maximal symmetric spaces (i.e., de Sitter-Minkowski-Anti 
de Sitter) only. It can be seen as follows. The action functional is obviously 
reparametrization invariant on general background (see also Eq. (61)), that's 
why a first class constraint has to exist in Hamiltonian formulation. At the 
same time, Hamiltonian formulation (54), (55) and (58) is determined by two 
constraints (54) subject to the following Poisson bracket relation: 

{Ci, C2} = R'Km''e^'^TaSc<N^ (59) 

where Rnm is Riemann tensor. 
The identity 

S^'^Td = (60) 

makes the commutator (59) to be zero if and only if (ac(i)-traceless projection 
of Rnrn^ G^^ vauishcs. Making use of the Bianchi identities one can see that 
the space-time has the constant curvature. Otherwise the constraints Ci, C2 
turn out to be of the second class that contradicts to the reparametrization 
invariance of the action. 

Unfortunately, it still remains unclear whether it is possible to find appro- 
priate curvature depending contributions to constraints Ci, C2 to make them 
involutive. 

To conclude this section let us note that Lagrange multipliers ei and 62 can 
also be eliminated with the aid of their equations of motion. The result is 
"Nambu-Goto form" of the action 




. / „ ^^ \Dz/dT\ 






I/.«^(™^-2A((g^ + ^)"> (61) 



For A = this expression apparently reduces to the action of spinless particle 
on AdS background, on the other hand the limit R ^ 00 results in the (m, s)- 
particle action [1] in Minkowski space. 



5 Conclusion 

Let us give a brief overview of the results and some comments. We have sug- 
gested the model of a spinning particle which propagates in 0? = 4 Anti-de Sitter 

13 



space. The configuration space of tlie tlieory is six-dimensional manifold A^^ 
being the product of d = 4 AdS space and two-dimensional sphere. The values 
of the phase-space counterparts of the AdS group Casimir operators are fixed 
by two abelian first-class constraints to be arbitrary real numbers. The model 
can conceptually be treated as an universal and minimal AdS spinning particle 
theory in the sense that configuration manifold is spin-independent and has 
the minimal possible dimension which still provides dynamical activity both for 
particle position and spinning degree of freedom. As a consequence of model's 
minimality property all the observables turn out to be functions of the AdS 
group generators only. So, the model quantization problem reduces to the con- 
struction of the irreducible unitary representation of the AdS group with given 
quantum numbers. This problem has been solved in Ref. [9] where irreducible 
representations have been found in the case of bounded energy that provides a 
proper particle interpretation. 

It is pertinent to note that it is not evident how to construct an explicit 
Hilbert space realization (e.g. coordinate one) for this ("constrained") quan- 
tum mechanics, i.e. the question is how to frame the AdS (spin)tensor field 
on A4^p with an appropriate Hilbert space structure. This problem has been 
exhaustively studied for the flat space case in the paper [1] where all such real- 
izations were classified. We intend to give the similar investigation for the AdS 
case in the forthcoming publication. 

Let us mentioned that this model could be generalized for d-dimensional 
(d > 4) AdS space in the straightforward way (one need to assume y^, h^ 
to be d-dimensional) . However, such a simplest extension would not able to 
describe the most general case of the higher-dimensional AdS spinning particle. 
The reason is that the higher-dimensional AdS group has some extra Casimir 
operators which turn out to vanish identically in the cotangent bundle of A^^ x 
gd-2^ Thus the straightforward higher-dimensional extension of the proposed 
model could describe only the particles associated with the irreducible AdS 
group representations characterized by zero eigenvalues of these extra Casimir 
operators. 
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